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WEAK SOLUTIONS OF THE POROUS MEDIUM EQUATION

BJÖRN E. J. DAHLBERG AND CARLOS E. KENIG

Abstract. We show that if u > 0, u£ ¿,„c(ß), ß C R"+1 solves du/dt =

Aum , m > 1, in the sense of distributions, then u is locally Holder continuous

in £2.

1. Introduction

The purpose of this article is to study the regularity properties for nonnegative

solutions of the porous medium equation.

The porous medium equation

(i) §7 = AmW'      m>1'

models the gas flow in a porous medium and has recently been the subject of

extensive studies by a large number of researchers. We want here to single

out the results by Aronson and Caffarelli [1], Benilan, Crandall and Pierre [2],

Dahlberg and Kenig [4, 5] on the initial value problem for the equation (1). By
combining the results of these papers, one has the very unusual situation that

the understanding of the initial value problem for the nonlinear equation (1) is

on the same level as for the corresponding problem for the linear case, i.e. the

heat equation du/dt = Au.
In particular, a necessary and sufficient growth condition has been established

on a nonnegative measure p on R" in order for the initial value problem to

be solvable on R" x (0, oo) with initial data p. This growth condition is that

p{\x\ < R) = o{R"+2/{m-l))   asÄ-^oo.

Furthermore, the initial value problem has a unique solution in the class of all

nonnegative, continuous weak solutions.

We want to remark that for the heat equation the corresponding growth con-

dition is that

/   e~a^2dp{x) < oo
Jut"

for all o > 0.
In view of the above results it is natural to ask if the uniqueness continues

to hold under weaker conditions on the solution.  This question is of course
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712 B. J. E. DAHLBERG AND C. E. KENIG

a special case of the more general problem of understanding whether a weak

solution is continuous.

We will say that « is a weak solution of the porous medium equation in the

domain Í2 if u £ L^{Sl), u > 0, and u solves equation (1) in the distribution

sense.

We can now state our main result.

Theorem 1.1. Suppose u>0 is a weak solution of the porous medium equation

(1) in the domain Q. Then there is a continuous weak solution u* of {I) in Q

such that u = u* a.e. in SI.

We want to point out that simple examples show that u need not be smoother

than Holder continuous. It is furthermore known, see DiBenedetto and Fried-

man [6], that each continuous solution is Holder continuous.

The proof of the theorem follows the following strategy:

We first show that for all cylinders co = D x {a, b), gjccQ, with D a
bounded smooth domain, the solution u has a trace on dco. Then we construct

a continuous weak solution u* in co whose trace on the parabolic boundary

dpco = dco\D x {b} equals the trace of u.

In order to show that u = u* a.e. in to the next step consists in showing that

there is a function S = S{x) in co such that if we set

w{x, t) = S{x)- f um{x,s)ds,    w*{x, t) = S{x)- f {u*)m{x, s)ds,
J o. Ja

then w and w* solve the equation dW¡dt = cp{AW). Here cp{u) = sign{u)\u\m .

Using elliptic regularity theory we conclude that w and w* are bounded. From

the boundedness we then deduce the equality between w and w* by observing

that w -w* satisfies a linear parabolic equation with variable coefficients with

data zero on dpco. An important part of the argument here is to analyze the
energy norm of the difference w - w*. Since Au; = —u and Atu* = -u* the

result then follows.

2. Inhomogeneous boundary conditions

We will now assume DcR" is bounded with smooth boundary.  Let do

denote the surface measure of 3D and let S(x) denote the distance from x

to the boundary. Let 0 < T < oo and set Q = D x / where I = (0, T). Let

m > 1 . We are interested in the problem

«>0,  u£L?0C{Q),

}  |y = Aum in the distribution sense in Q,

k u(jc,0) = /(*),

{u{P))m = g{P), P£dDx{0,T).

We have the following a priori inequality.

Proposition 2.1. Assume u £ C(Q) and solves (2). Suppose

[ôfdx<L   and     ¡fgdodt<L,
Jd J Js

where S = dD x /. Then

(3) ÍÍ umdxdt<C{L),
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(4) sup / â{x)u{x ,t)dx< C{L).
tel Jd

Proof. Let n be defined by At/ = -1 in D and n = 0 on dD. Then cxS < n <
c2S . Let d/dn denote differentiation with respect to the inward unit normal.

By the Green formula

— / u{x,t)n{x)dx= / nAumdx
(5) dtJD       , h    , fí

= - / {u{x, t))mdx+      {u{x, t))m^-do{x).
Jd JdD on

Hence for t £ I

/ n{x)u{x, t) dx < / n{x)u{x, 0)dx + //     j}    g{x, t)do{x)
Jd Jd JJs^n

which takes care of (4). Since we now have (4) it is easily seen that (3) follows

by integrating (5) in / from 0 to T.
Now we want to study the initial value problem (2) with data being measures.

Let & be the class of pairs {p, X) of nonnegative measures on D and S =

3D x (0, T) respectively such that

Iôdp+ ff
Jd J Js

dX < oo.
is

Let Jf = JZ{D, T) be the class of n £ C°°(R"+1) with the property that
n{x, t) = 0 for x £ dD or t > t for some t £ (0, T). Suppose {p, X) £ 9 .

We say that u > 0 is a continuous weak solution of (2) with data {p, X) if

1. u is continuous in il,

2. ¡Jnumdxdt < oo,
3. for all n£jf we have that

IL v""4"+"%)dxdt+L "(x ■0) ""+IL ü; •"■=°-

3. Weak solutions

In this section we will assume that u > 0 and u £ L^fQ) where Q is a

domain in R"+1 . We will also assume that u solves the equation du/dt = Aum

in the distribution sense. The conjecture is that u is continuous. Our starting

point is the following couple of observations. We begin by establishing the

existence of trace at each time level.

Lemma 3.1. Let I = {a, b) bean interval and let D c R" be a bounded domain

with smooth boundary. Set K = D and assume that K x [a, b] is compact and

contained in Q. Then for each re/ there is a unique bounded and nonnegative

measure vT on D such that

(6) sup / dvT < oo
re/ Jd

and

(7) // (umAn + u^- J dxdt+ [ t]{x,r)dur = 0
JJiln{t>x} \ öt ) Jd

for each n £ Có°°(<y) = s¿ . Here co = D x {a, b).
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Proof. For x £ I and r\£stf set

Ar(if)= // (umAn + u^)dxdt.
JJcin{t>t} \ 0l J

We first observe that if nx, n2 £ sf and nx{x, x) = n2{x, x) then

(8) AT{nx) = Ar{n2).

To see this let n{x, t) = nx{x, t) - n2{x, t) for t > x and 0 otherwise. Pick

y/ £ Crj°(R) with support in [0, oo) and / y/dt = 1 . Set for e > 0

t]e{x, t)= / n{x, t-es)y/{s)ds.

Since u is a weak solution Ax{ne) = 0 for all e > 0. Notice next that dn/dt £

L°° and dne/dt -* dn/dt almost everywhere so that

AT(7/) = limAr(77£) = 0

which easily yields (8).
We now set for y £ C0X{D)

Xz{y) = AT{n)

where n is any function in sf for which n{x, x) = y{x). The functional XT

is well defined by (8). We now claim that

(9) XT{y) < 0

for all nonnegative y £ C0X{D). To see this pick this time y/ £ C0X{R) such
that (z/(0) = 1 and

(10) y/'is)>0   fors<0.

Set next for e > 0 y/c{s) = y/{s/e) and nE{x, t) = y/e{t - x)y{x). Since « is a

weak solution we have

Xx{y) = - jj (umAy{x)ipE{t - x) + uy{x)^^^) dxdt.

From (10) follows

Xriy)<- ff umAy{x)y/e{t-x)dxdt^0
J Jcin{t<T}

as e —> 0, which yields (9). From this (7) immediately follows. To conclude

the proof of the lemma we note that (6) follows by considering the trace with

respect to slightly larger domains D' such that D is compactly contained in

D'. We will next study the existence of a trace on the lateral sides of a cylinder

in Q.

Lemma 3.2. Let I = {a, b) be an interval and let flcR" be a bounded domain

with smooth boundary. Set co = Dx{a, b), K = D and assume that K x [a, b]

is compact and contained in £2. Then there is a unique bounded and nonnegative

measure p on S = dD x {a, b) such that

(n)       IL{"mA,,+u^)dxd'+IL^d>"0
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for each r\ £ Efe . Here d/dn denotes differentiation with respect to the inward
unit normal to dD and 38 denotes the class of all

n £ C0°°(Qn{(x, t):a < t < b})

with the property that n{x, t) = 0 whenever x £ dD.

Proof. We begin by introducing the functional A{n) for n £ 38 by setting

A(i7) = jj (umAn + u^jdxdt,

where co = D x{a,b). Choose now a y/ £ Cq°(R") such that y/ > 0 and

J y/dx = 1. For n £38 and e > 0 set

ne(x,t) = e~n Ir,(Z,t)¥(ï^i\dÇ.

We first observe that if n £ 38 with dn/dn = 0 then since « is a weak solution

A{n) = lim /Y (umAnE + u^-\ dxdt = 0.

If y £ Cq°(5) we define X{y) = A{n) by picking an n £ 38 such that dn/dn =
y. By the above observation we have that X is well defined. Arguing as in the

proof of Lemma 3.1 we see that it is enough to show X{y) < 0 whenever y > 0.

To see this set, for n £38 ,

~ _ / *lix ' *)   *°r ix ' ') € w '

\ 0 otherwise.

Let K denote the characteristic function of the set co. If y = dn/dn >0 then
we have the inequality At} > KAn in the sense of distributions. Define as before

Since « is a solution we have

(12) X{y) < lim ff (umAije + u^-\ dxdt = 0

which yields the lemma.

Next we want to study the regularity of the trace vz.

Lemma 3.3. Let I = {a, b) be an interval and let DcR" be a bounded domain

with smooth boundary. Set co = D x {a, b) and assume that co is contained

in Q. For a < x < b let ux be the trace defined by (7). Suppose y/ is a

continuous function with support in co. Then

(13) f y/{x,t)du,
Jd

is a continuous function of t and

(14) / I / y/{x, x)dvT J dx = // uy/dxdx.

Proof. From an approximation argument follows that it is enough to verify

the lemma in the case when  y/ £ Cq° .  In this case the continuity (13) is an
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immediate consequence of the definition (7). To see the identity (14) we set

q{x ,t) = {t- a)y/{x, t) and by a change in the order of integration we get that

(     y/{x, x)dvt\ dx

-I(IL^hv+u^)dxd')dx

= / / uy/dxdx - I j \ umAq + u— J dxdt =       uy/dxdx,

which completes the proof of the lemma.

We can now give our most general trace result.

Lemma 3.4. Let I = {a, b) be an interval and let DcR" be a bounded domain

with smooth boundary. Set K = D and assume that K x [a, b] is compact and

contained in Q. For a < x < b let vx be the trace defined by (7) and set

co = D x {a, b). Suppose y/ £ Co°(i2) equals zero on dD x [a, b]. Then

(15)

/ yi{x,b)dvb= j yi{x,a)dva+ //  Í umAy/ + u—— } dxdt

JJdDx(a,b) an

where p is defined in Lemma 3.2.

Proof. Pick nk £ Cq°(R) with 0 < nk < 1 and support in {a, b) such that
n'kdt -> dôa - dôb weakly as k —► oo , where ôa is the Dirac measure at a. We

may also assume that hmk-+0o nk{t) = 1 when a < t < b and lim^oo nk{t) = 0

when t £ R\[a, b]. Using q = nky/ as a test function it follows from (11) that

//„ (*■**»'+u"w) **«+IL^,bt *%*—jfm<***"-
Letting k —> oo and using the continuity result from Lemma (3.3) completes

the proof of (15).

4. Potential theoretical methods

In this section we will continue to assume that u > 0 and u £ L¡£C(Q) where

Q is a domain in R"+1. Let I = {a, b) be an interval and let D c R" be a
bounded domain with smooth boundary. Set co = D x {a, b) and assume that

15 is contained in Q.

We will also assume that u solves the equation du/dt = Aum in the distri-
bution sense. Now let G be the Green function of D and define w in co by

w{x, t) = fD G{x, y)dvt where vt is the trace defined by (7).
As a first step in proving the continuity of u we will establish that w is lo-

cally bounded. This will be achieved by first noting that w satisfies a parabolic

equation (16) and then using a variant of the Moser [7] iteration technique
introduced in Dahlberg and Kenig [4]. We begin by establishing a useful con-

sequence of the Sobolev inequality.
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Lemma 4.1. Let F > 0 be smooth in co. Suppose m > 1 is given and K is

compact with K c D. Then there is a k > 1 and a 8 > 0 such that if H > 0
and AF > -H then

ff Fkmdxdt <C{ ff Hmdxdt sup  ( f F{x, t) dx
JJKx[a,b] [JJœ te[a,b] \Jd

m(k-\)

+ dist{K, dD)~e sup   ( f F{x, t)dx]     1 ,
te[a,b] \Jd )       )

where C only depends on co.

Proof. Define p by

-—   if n > 2m,
n-2m

2 otherwise,

and set q = -^y . For k > 1 and t £ [a, b] we have by Holder's inequality

that

f Fkm{x ,t)dx<(f Fpm{x, t) dx\     ( f F{-k~x^m{x, t) dx)     .

We now choose k so that {k - l)qm = 1. Define f by f = max(F - GH, 0),
where GH{x, t) = fD G{x, y)H{y, t)dy . Then / is a nonnegative subhar-

monic function in x for every t £ [a, b] and F < f + GH. We have by

Sobolev's inequality

( f {GH)pm{x, t)dx)     <C f Hm{x, t) dx.

Since / is subharmonic in x we have that

f{Z) < Cdist{K, dD)~" f fdx
Jd

for all £ in K. Since / < F we therefore have that

( f fpmix, t)dx\     < Cdist{K, dD)~"m (¡F{x, t)dx

Adding these estimates and integrating in t completes the proof of the lemma.

For n £ Cq°(oj) we now have by Lemma 3.2 and Lemma 3.3

/"/ %Lwdxdt= ff d-p-udxdt= ff nu-dxdt- ff d-p-dp.
JL dt JJa,  dt Jjw JJdDxia.b]  dn

We can rewrite this as

Define now for (x, t) £ co the function h by

(n) *(,,,)=//       2Sp)^.
JJdDx[a,t]       öni
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Then Ah{x, t) = 0 and jDh{x, t) < C for ail t £ {a, b) and if we set
q = w - h then q satisfies the following relations in the distribution sense

(18) ^ + um = Q,    Aq = -u.
dt

It follows from the Harnack inequality for harmonic functions and the uniform

integrability of h that for every compact set K c D that sur)Kx[a b]h < oo.

Fix xo £ D and set Bp = {x £ R": |x - x0| < p}.  Assume that Bp c D,

a < T < x < b, and set

S = Bpx{x,b],    R = Bpx{T,b\.

Fix M > 0 so large such that

(19) Q = q + M>0   in Bp x [a, b].

Lemma 4.2. Suppose P is a smooth and convex function with a bounded deriva-

tive p on [0, oo). Also suppose that P{0) = p{0) = 0. Define Z by Z{t) =

fôiPis)Y/m ds. Then

(20)

sup   / P{Q{x,s))dx+ ff{max{-AZ{Q),0))mdxdt
elT,b]Jßp JJs

<C{x-T)~x ff P{Q)dxdt,

where the constant C can be taken to depend only on the dimension n .

Proof. We first remark that from the convexity of P and the vanishing of P

and p at 0 follows that both P and p are nonnegative and nondecreasing.

Let 0 <r < p and let n £ C°°(R"+1), 0 < n < 1, be such that n{x, t) = 1

if {x, t) £ Br x [x, oo) and n{x, t) = 0 whenever x £ R"\BP or t < T. We

may also choose n so that

dn

dt
<C{x-T)-

where the constant C can be taken to depend only on the dimension n .

For 5 6[t, b] set S' = Brx{x,s], R' = Bpx{T,s]. Since dQ/dt + um =

we have by multiplying with p{Q)n2 and integrating over R'

ff p{Q)n2^dxdt+ ff p{Q)n2umdxdt = 0.

An integration by parts therefore gives that

j P{Q{x, s))n2 dx + JJ p{Q)n2um dxdt = 2 jj PiQ)v^j dxdt

and hence it follows that

/ P{Q{x, s))n2dx + ff p{Q)n2umdxdt<C{x-T)-x ff P{Q)dxdt.
Jbp J Jr1 J Jr

Since s £ [x, b] and r £ {0, p) were arbitrary we conclude that

sup   / P{Q{x,s))dx+ ff p{Q)umdxdt<C{x-T)-x ff P{Q)dxdt.
í€[t,¿>]7b JJs JJr
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Observing that AZ{Q) > -p{Q)xlmu yields the proof of the lemma.

We have the following immediate consequence of Lemma (4.2).

Lemma 4.3. Let a > 0 and set ß = SL^L. Then we have the following estimate

{a+l)m-x sup / Q°+X{x,s)dx+ ff{max{-AQß,0))mdxdt
x<s<b Jßp J Js

<C{a+l)m-x{x-T)-x if Qa+Xdxdt,

where C can be taken to depend only on m and n.

Proof. For L > 0 let p be defined by

({a+l)s\     0<s<L,
pis) = <,

{ {a+l)La,    otherwise.

Using Lemma 4.2 with P{s) = ¡^p{t)dt and then letting L -► co yields the
lemma.

We can now prove the boundedness of w .

Lemma 4.4. Let Q c R"+1 be a domain and assume u>0 belongs to L^(Q),

where 1 < m < oo. Suppose D c R" is a domain with D x [a, b] c Q.

Suppose furthermore that a < T < b and Bip = {x £ R": \x - x0| < 3p} c D.

If du/dt = Aum in Q then w = Gu is bounded in R = Bpx[T,b]. Here G
is the Green function of D.

Proof. In what follows we will let C denote various constants that only depend

on m, p, T, a or b.

Let Q be defined by ( 19) and assume that M is chosen so large that Q > 1

in Bip x [a, b]. For 7 = 0, 1, ... define qo = 0 and aJ+x = k{a¡ + m) - 1,

where k is as in Lemma 4.1. Set ßj = {a¡ + m)/m , p¡ = pj$ , T¡ = 2£f£ ,

Bj = BPi, Ij = {Tj,b], Rj = Bj x Ij and

/ X >/(*,+■)

Aj=     //   Qa'+Xdxdt\

Since u £ L^fÇï) we have that A0 < oo . Setting

Ej = sup / Qa'+Xdx
s€f JBj

we have from Lemma 4.1 and Lemma 4.3 that

A*$+l = ff    Qa^+Xdxdt= ff    Qk^mdxdt
J "'^j+i -t -t Rj+\

< C{{aj + l)m-lA«J + lE(*j+m)(k-mai + l){j + 1}2 + (;- + 1)^(ay+m)fc/(ay+l)}i

We next observe that (j+ l)e < C{aj + l)m~x so using Lemma (4.3) once more

gives
A°$+l < C{aj + 1)«-i(yiJK+«)-«+i +A^j+m))(J+ 1)2_

Since Q > 1 in B?,p x [a, b] we have

Aj+i < {C{aj + l)m-x)xl(a^+x)Aj{j + l)2/K+' + »
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which easily gives that ||o||l°° < CA0 and the lemma is proved.

Lemma 4.5. Let I = {a, b) be an interval and let D c R" be a bounded domain

with smooth boundary. Set co = Dxl assume that co is compact and contained

in Q. Then w{x,t) and ¡aum{x, s)ds are bounded in co. Furthermore, if

(x, t) £ co then

(21) w(x, t) = Gva{x) - /  um{x,s)ds + h{x,t).
Ja

Here h is bounded in co and satisfies Ah = 0.

Proof. We first observe that the relation (21) follows from (18). with h given

by

hix,t)= ff d-Ç^dp{y,s).
J JdDx(a,

Since

<(a,f)      ®ny

sup / h{x, t)dx < oo
tel Jd

it follows from Harnack's inequality that for every compact K c D

h{x, t) < C < oo,        {x,t)£KxI.

From Lemma (4.4) it follows now that

sup      /  um{x, s)ds < oo.
(x,t)€KxI Ja

Let /cR" be a bounded domain such that D cJf and Jt x [a, b] c Í2. If
G' denotes the Green function of Jf then w < G'u in co which shows that
w is bounded in co. Since D c Jf it follows from the above argument that

sup      /  um{x, s) ds < oo
(x ,t)€DxI J a

which yields the lemma.
We want next to study the regularity of w in Sobolev norms. We recall that

the Sobolev space H0X{D) is the completion of Cfi°{D) in the norm

a .1/2

\Vn\2dx
D

We first observe that if D c R" is a domain with D x [a, b] c Q then w =

Gu = Gvt  satisfies w{,t) £ H0X{D)  for all t £ [a,b].   This holds by the
boundedness of w since

/ \Vw{x, t)\2 dx = / wdvt < oo
Jd Jd

where vt is the trace defined by (7). For a function / e H0X{D) we set

W)= f \Vf\2dx.
Jd

We now want to show that u £ L£c+1 (Q).
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Theorem 4.6. Let Q. c R"+1 be a domain. Let u £ L£C(Q), m > 1. Suppose

u is a weak solution of the porous medium equation |j = Aum in Q.. Then
u£L^x{Q).

In order to show this, we need a preliminary result.

Lemma 4.7. Let D c R" be a bounded domain with a smooth boundary and set

co = D x {a, b) where a < b. Suppose that w is smooth in a neighborhood of

w, satisfies dw/dt < 0 and Aw < 0. Assume also that JD |Aiu(x, t)\dx < M

for all t £ {a, b) and \w\ < M. Then, for every compact set K c D there is a
constant C = C{K, co) such that

ILdw .      ,    ,       _,,,
^—Aw dxdt < CM2

s dt

where S = K x {a, b).

Proof. We can assume, without loss of generality, that w > 0 in co, and that

M = 1. Let us first assume that, in addition, w\dDX[a^ = 0. Then

9      f A Í   9WA , 9   A 1    Í   9W K—  IwAw = /  —Aw + w—Aw = 2 /  -w-Aw.
dt Jd Jd dt dt JD dt

Therefore,

(22) / w(x, b)Aw{x, b) - I w{x, a)Aw{x, a) = 2 // —— Aw
Jd                                Jd                                   JJDx(a,b) dt

and hence the desired estimate follows in this case. Before passing to the general

case, we note that there exists p = p(n) > I such that, if K ce D, we have

(23) (I \Vw{x, t)\pdx\ <C,    forallt£{a,b),

where C = C{K). (This is standard, since 0 < w < 1, JD |Aiu(x, t)\ dx < 1 ,
and therefore we can take any 1 < p < j^¡.)

Fix now K ce D, and pick K ce D ce D, where D is a smooth domain,

and for x £ [0, 1], a smooth one-parameter family of smooth domains DT,

such that

{i)KccDr   forallTe[0, 1],

(ii) Dx cc D'r   if x < x',

{iii) DX=D,

(24) { (iv) U = Uo<t<i ^r IS an °Pen neighborhood of K in D,

and there exist diffeomorphisms 6X:S"~X -» <9Z)T

such that (t, ß) -+ öT(ß) is a diffeomorphism

of (0, l)xS"-' onto U.

Now, for each 0 < x < 1, we define

Íí/j in Dx, harmonic in D\DX, with boundary

values w on 9£>T, 0 on dD.
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Clearly, each wx is continuous, superharmonic and 0 < wx < w < 1. More-

over, because of our construction of wT, dwx/dt < 0. By (22), we have

//- -^TAw* - ö / wx{x,a)\Awx{x,a)\dx
JJDx(a,b)    at 1Jd

< 2 ¡\Awx{x, a)\dx.

Moreover,

¡f djwàw =   ((

JJKxta.b)   dt JJKxia,

dwx

dt
AWT <

c(a,£>)   Ul JJKx(a,b)

The proof will be concluded if we show that

r3/4

IIJ JDxia b)

dwx

dt
Awx.

/      / |Aií;t(x , a)\dxdx < C.
J\/2 Jd

In order to show this, note that

/„    x (dw     dwx\   ,
Awx = (Aw)X~ + ¡ — -—) dod~x,

where Xñ   is me characteristic function of Dx, and d/dnx denotes differenti-

ation along the normal to dDx. The first term is obviously under control. For

the second one, note that

Í \dw ,       I      f    \dw    ,        /",„,.
/   —-do~\ < I      —-  da < I     Vw do,

JD\dnx    9DT\     JdDr\dnx JdDf

which, upon integration in x, is under control by (24)(iv) and (23), while

d

Jd I dnx oD,
(/-\JdDx

iC(/-\JdDx

dnx

p      \ 1/p

do

|Vt-wt|p do
i/p

where p is as in (23) and V7- denotes tangential differentiation. The last

estimate follows by standard regularity estimates for the Dirichlet problem in

the smooth domain D\DX, j < x < |. But VtWx = Vjw , and the proof is

concluded as before.

We can now prove Theorem 4.6.

Proof of Theorem 4.6. Let OCR" be a bounded domain with a smooth bound-

ary and set co = D x {a, b) where a < b . Assume that œ c Q. and let K be a

compact set with K c D. Let v denote the trace of u on {(x, t) £ Í2: t = a}

and set

v{x, t) = Gv{x) - f um{x, s) ds.
Ja

Pick <p £ Q°(R"+1) such that <p > 0 and ¡J cpdxdt = 1 . Define the approxi-
mation of identity Xe by

Xev{x, t) = / / <pe{Ç,x)v{x-Z,t- x)dí¡ dx,
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where <pe{x, t) = e~x~"<p{x/e, t/e).   Notice that  f¡XEv =

AXFv = -XPu < 0. It now follows from Lemma 4.10 that

//..
XeuXeumdxdt < C

>Kx(a,b)

where C is independent of e as e J. 0. By letting e J. 0 it follows from Fatou's

lemma that

um+xdxdt < oo.
>Kx(a,b)

Since K was arbitrary the theorem follows.

IL
5. Regularity of weak solutions

In order to prove the smoothness of a weak solution u of the porous medium

equation we begin by analyzing the effect of smoothing u by an approximation

of the identity {Te} . Here the operator T£ is defined by

TJÍX ,t) = jj f{x-S,t- Tjlfc« , T)d^dx ,

where ne{x, t) = e~"~xn{x/e, t/e) and 0 < n e Cq°(R"+1) . We also assume

that // ndxdt = 1 and that the support of n is contained in a sufficiently small

neighborhood of the origin.
We assume now that B x [a, b] C Q where B = B{xo, r) = {x £ R" :

|x - xo| < r} . We set co = B x {a, b). We recall that the trace v, p satisfies

by (15)

/ y/{x, b)dvb =      y/{x, a)dva
Jb Jb

+ ff (*»Ay,+ ud-£)dxdt+ff d-fdp,
JJco V dt J JJdBx(a,b) dn<(a,b)

for all y/ £ C0°°(R"+1) with y/ = 0 on dBxR.
We will let G denote the Green function of B and we set as before w = Gu.

Lemma 5.1. There is a continuous weak solution u* > 0 of the porous medium

equation du*/dt = A{u*)m in co such that u = u* a.e in co.

Proof. Set ô{x) = dist(x, dB). We begin by showing the existence of a con-

tinuous weak solution u* > 0 in co that satisfies

(25) ff{u*)mdxdt<oo

and

(26) sup      S{x)u*{x, t)dx <
t€(a,b)JBt€(a,b)

Furthermore u* satisfies

/ y/{x,b)u*{x,b)dx = / y/{x,a)dva

(27)   ' +/¿ (<»•)—%)—ÍLJ&+.
for all ip £ C0°°(R"+1) with y/ = 0 on dBxR.
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We will from now on limit e to the range e £ (0, Co) where Co is chosen

sufficiently small. We set Be = B{xo, r - e), coe = Be x {a, b) and define

for (x, t) £ coe, w£(x, t) = T£u{x, t). Let GE denote the Green function of

Be and set we = GcuE. We define u* as the solution of the porous medium

equation in coE with data u* = ue on Bt x {a} and u* = {Teum)x/m on

dBe x [a, b). Let Se(x) = dist(x, dBe). We now claim that there is a constant

C such that for all e e (0, eo) we have that

(28) sup   / o£{x)u¡{x,t)dx<Csup   /
t€(a,b)JBe

and

(30)

(29) ff {u¡)mdxdt<C.
J J(Ot

It is easily seen that if y/ £ C0X{R"), y/ = 0 on dB, and setting

,  ,        /(x-xo)r
V*(x) = H     r_e     +*o

then

lim/   íí/£(x)zz*(x, í7)ítTx = / y/{x)dva{x).
«to 7Ä£ y«

Also Lemma (3.2) shows that

,im //      ^(u-.rdcd, = //      a^äß.
£i° J JdBtx(a,b) dn JJdBx(a,b) ön

If y/ £ C0X{R"+X), y/ = 0 on dB x R then for all sufficiently small e

íí d-^-iK)mdodt= f yi{x,a)u\{x,b)dx
JJdBex(a,b) dn JBe

ff   ({u¡)mAy/ + K^A dxdt - f y/{x, b)u*e{x, b)dx.

Using Proposition (2.1) we see that the estimates (28) and (29) follow from

(30). It follows from (28) and the pointwise bounds in Dahlberg and Kenig [4]

that {«*} is uniformly bounded on compact subsets of co. Therefore by the

regularity results of Sacks [8] it follows that {u*} is equicontinuous on compact

subsets of co. Hence there is a continuous weak solution w* in co of the porous

medium equation such that a subsequence of u*, which we also denote by u*

converges to u* as e } 0 and u* satisfies (25) and (26). By taking the limit in

(30) it also follows that (27) holds.
Define he as the solution of the equation

( Ahe = 0       in coe,

\he = TEum   on dB£x {a, b).

Using this notation we see that

(31) d-^ = GtTZd-£i = GtATtum = ht-Ttum.

Setting w* = Gcu* we have that

(32) ^j- = GeA(u;r = he-(u;r.
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For f a smooth function in BB set %e{f) = JB \Vf\2dx . Define EE = w* -we

and set et{t) = %E{EE{-, t)). We will first show limEioee{t) = 0 for all t £

{a,b). We first observe that TEu -* u in Lm+x{co) by Theorem 4.6. Since

EE = 0 on Be x {a} we have

IL^AE-dxdi-U!><-°-
Defining LE > 0 by Lf+X = jjœe{u*E)m+xdxdt we have that

Lem+1 =  ff {u¡)m+xdxdt< ff {u*)mTEu + u¡TEum
J J(üt J J(Oc

<C(L£ + L£m).

Hence LE is bounded as e J, 0 and we may assume that w* -> u* and {u*)m -*

{u*)m weakly in Lm+x{co) and Ü-m+X)lm{co) respectively. We have now for

every T £ {a, b) that

0 < eE{T) = 2 ff {uE - u¡){{u¡)m - TE{um))dxdt
JJßcx(a,T)

-2 ff {u-u*){{u*)m-um)dxdt<0   ase 10.
J Jßx(a,T)

Hence the lemma follows.

Theorem 1.1 is an immediate consequence of the lemma.
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